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Fig. 1: Weakly nonlinear propagation of pressure waves in two frequency bands: the low fxe-
quency band and moderately high frequency band are governed by the KdV-Burgers and NLS
equations, respectively. Here $\omega$ denotes the eigenfrequency of a single bubble.







$\{\begin{array}{ll}\frac(\alpha\rho)+\frac(\alpha\rho u)=0, (1)\frac[(1-\alpha)\rho]+\frac[(1-\alpha)\rho u]=0, (2)\frac(\alpha\rho u)+\frac(\alpha\rho u)+\alpha\frac=F, (3)\frac[(1-\alpha)\rho u]+\frac[(1-\alpha)\rho u]+(1-\alpha)\frac+P\frac=-F. (4)\end{array}$








$\frac\equiv\frac+u\frac$ , $\frac\equiv\frac+u\frac$ .
Keller [7]:
$(1- \frac\frac)R\frac+\frac(1-\frac\frac)(\frac)$





$\{\begin{array}{l}\frac=(\frac), p=p+\frac[(\frac)-1],\frac=(\frac), p-(p+P)=\frac+\frac\frac.\end{array}$ (7)
$\gamma$ $n$ $\sigma$ $\mu$
0
22
$T$ $L$ $t$ $x$ $t=t/T$ ,
$x=x/L$
$\epsilon(\ll 1)$ $t$ $x$
$t=\epsilon t$ , $x=\epsilon x$ , $(m=0,1,2, \cdots, N)$ , (8)
[8]. :
$\frac=\sum\epsilon\frac$ , $\frac=\sum\epsilon\frac$ . (9)
$\alpha,$ $u,$ $u,$ $R,$ $p$ $\epsilon$ :
$\alpha/\alpha=1+\epsilon\alpha+\epsilon\alpha+\cdot\cdot\cdot,$ (10)
$u/U=\epsilon uG1+\epsilon uc2+\cdots$ , (11)
$u/U=\epsilon u+\epsilon u+\cdots$ , (12)
$R/R=1+\epsilon R+\epsilon R+\cdots$ , (13)
$p=p+\epsilon\rho Up+\epsilon\rho Up+\cdots$ . (14)
$U(\equiv L/T)$
$\rho$ :
$\rho/\rho=\{\begin{array}{l}1+\epsilon\rho+\epsilon\rho+\cdots,\ovalbox{\tt\small REJECT}+\epsilon\rho+\epsilon\rho+\cdots\ovalbox{\tt\small REJECT}\end{array}$ (15)
$\rho/\rho$ (10)$-(14)$ 1 KdV-Burgers











$\frac\equiv O(\sqrt{})\equiv V\sqrt{}$ , $\frac\equiv O(\sqrt{})\equiv\Delta\sqrt{}$ , $\frac\equiv O(\sqrt{})\equiv\Omega\sqrt{}$ . (18)






$\{\begin{array}{ll}\frac-3\frac+\frac=0, (19)\alpha\frac-(1-\alpha)\frac=0, (20)\beta\frac-\beta\frac-3\gamma pco\frac=0, (21)(1-\alpha 0+\beta\alpha)\frac-\beta\alpha 0\frac+(1-\alpha 0)\frac=0, (22)R+\frac p=0. (23)\end{array}$
$O(\epsilon)$ 1 $R$
2 $R$ :
$O(\epsilon)$ : $\frac-v\frac=0$ , (24)






$K(\varphi, t, x)=0$ , $(\varphi\equiv x-t)$ , (27)
KdV-Burgers :
$\frac+\Pi f\frac+\Pi\frac+\Pi\frac=0$ . (28a)
:
$\tau\equiv\epsilon t$ , $\xi\equiv x-(1+\epsilon\Pi)t$ . (28b)
$\Pi,$ $\Pi,$ $\Pi$ :


















$R=A(t, \cdots ;x, \cdots)e+$ cc., $\theta=kx-\Omega(k)t$ . (33)
$A$ $k\equiv kL$ $e$
$A$
1 $R$ :
$D(k,$ $\Omega)\equiv\frac+\frac k-\Omega=0$. (34)
3 $O(\epsilon)$ (32) :
$O(\epsilon)$ : $\mathcal{L}[R]=\Gamma e+\Gamma e+$ $cc$ ., (35)
$O(\epsilon)$ : $\mathcal{L}[R]=\Lambda e+\Lambda e+\Lambda e+$ $cc$ . (36)
$\Gamma$ $\Lambda$ $A$ ( ).
$e$ [8].
$\Gamma=0$ $\Rightarrow$ $\frac+v\frac=0$ , (37)
$\Lambda=0$ $\Rightarrow$ $i(\frac+v\frac)+\frac\frac+\nu|A|A+i\nu A=0$ , (38)
(37) (38) NLS :
$\frac+\frac\frac+\nu|A|A+i\nu A=0$ . (39a)
:
$\tau\equiv\epsilon t$ , $\xi\equiv\epsilon(x-vt)$ . (39b)
$v$ $q$ (34)
$v= \frac=\frac\geq 0$ , $q \equiv\frac=-\frac\leq 0$ , (40)
$\nu$ :
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